As for an orthonormal basis, a frame allows each element in the underlying Hilbert space to be written as an unconditionally convergent infinite linear combination of the frame elements. The coefficients are called frame coefficients. Peter G. Casazza and Ole Christensen introduced some methods to approximate frame coefficients. In this article, we investigate some of these results for a continuous frame. As a consequence, approximation of the solution to a moment problem is also discussed. We also apply the results to wavelet frames and Weyl-Heisenberg frames.
Introduction and Preliminaries
A (discrete) frame for a separable Hilbert space H is a family of vectors {f i } ∞ i=1 ⊆ H for which there are constants A, B > 0 such that
The numbers A, B are called frame bounds.
Suppose that {f i } ∞ i=1 is a frame for H, the frame operator is defined by
with the series in (1.1) converging unconditionally. It follows that
So the frame operator S is a positive, self-adjoint invertible operator on H. This leads to the frame decomposition:
The possibility of representing every f ∈ H in this way is the main feature of a frame. The coefficients {⟨f, S −1 f i ⟩} ∞ i=1 are called frame coefficients. But usually it is hard to compute the operator S −1 if the underlying Hilbert space is infinite dimensional. Hence, we try to approximate S −1 with the operators S −1 n which is defined on span{f i } n i=1 by
In fact, the question is whether
The answer is yes if {f
is a Riesz basis, but unfortunately it might be no if the frame consists of a Riesz basis plus just a single element, cf. [14] . Also, in [9] it is proven that the answer is no for Weyl-Heisenberg frames that are not Riesz bases. O. Christensen modifies this idea and turns out a way to approximate frame coefficients which apply to the important cases of Weyl-Heisenberg frames and wavelet frames [12] . These results can be applied for Fusion frames [18] and g-frames [2] .
In the present paper we generalize some of these results to a continuous frame and introduce a method for approximation of the inverse continuous frame operator. Various consequences for approximation of the frame coefficients or approximation of the solution to a moment problem are discussed. We also apply the results to two well-known continuous frames.
For general references on frame theory, we refer to [13] . Recently, various generalization of frames have been proposed. For example, continuous frames [4, 5, 16] , g-frames [1, 21] , fusion frames [11] , von Neumann-Schatten frames [20] and so on. Some applications of frame theory were give in [6, 7, 8, 17] .
Approximation of continuous frame coefficients
Let H be a separable Hilbert space and Ω be a locally compact Hausdorff space endowed with a positive Radon measure µ with suppµ = Ω. A mapping F : Ω → H is called a continuous frame with respect to (Ω, µ) if -the mapping ω → ⟨f, F (ω)⟩ is measurable for all f ∈ H, -there exist constants 0 < A, B < +∞ such that
A continuous frame is said to be tight when A = B. Note that if Ω is a countable set and µ the counting measure, then we obtain the usual definition of a (discrete) frame. The frame operator S associated to F is defined in weak sense by
By (2.2), it follows that {F (ω)} ω∈Ω is total in H and S is a bounded, positive, and boundedly invertible operator. In particular
Moreover, since S is invertible and self-adjoint for all f ∈ H we have
Also, S −1 F which is a continuous frame with bounds B −1 , A −1 is called the standard dual frame of F . In particular
The operator S is a multiple of the identity if and only if {F (ω)} ω∈Ω is a tight frame, for more details see [16, 19] . Given a continuous frame F : Ω → H where (Ω, µ) is a σ-finite measure space. Choose finite measurable subsets Ω n such that Ω n ⊆ Ω n+1 and Ω = ∪ ∞ n=1 Ω n . Take H n = span{F (ω)} ω∈Ωn and assume that H n is finite dimensional. Then the mapping F : Ω n → H n is a continuous frame with the frame operator
Observe that S −1 n can be found using finite dimensional methods. The basic idea is to approximate S −1 by S −1 n . We begin with the following lemmas: Lemma 2.1. Let F : Ω → H be a continuous frame with the lower frame bound A. Then for every n ∈ N there exists m ≥ n such that
Proof. Consider the compact set Y n = {f ∈ H n , ∥f ∥ = 1} and define
Then {τ n } n∈N is a sequence of continuous functions converges pointwise to continuous function
Combining this with (2.2) shows that
Lemma 2.2. Let P n be the orthogonal projection of H on H n . Then
Proof. Let f ∈ H and choose f 1 ∈ H n and f 2 ∈ H ⊥ n such that f = f 1 + f 2 . Now by using (2.3) for continuous frame F : Ω n → H n we obtain
So {P n F (ω)} ω∈Ω is a frame for H n with bounds A 2 and B. The frame operator is given by P n S m . Hence, using (2.4), 
where m ≥ n is given by (2.5) .
Proof. Suppose that f ∈ H and n ∈ N. Then
In the following theorem we replace (2.5) by a similar condition. 
Let V n : H n → H n denote the frame operator for the family {P n F (ω)} ω∈Ωm . Then
Proof. Since {F (ω)} ω∈Ωn is a frame for H n by using (2.3) and (2.4) for every f ∈ H n we have;
Thus, by assumption ∫
Moreover, note that P n S − V n is a positive operator on H n . Indeed, for every f ∈ H n we have;
This follows that
As a consequence, (A−a n ) is a lower frame bound for {P n F (ω)} ω∈Ωm . Also
by (2.4). Therefore, for all f ∈ H we obtain that
Applications and Examples
In this section, we apply the results to a moment problem. Moreover, we present two examples to illustrate how our results can be applied. Wavelet frames and Weyle-Heisenberg frames, which are two important cases, can be considered as continuous frames. Let F : Ω → H be a continuous frame and ϕ ∈ L 2 (µ). We ask whether there exists
A problem of this type is called a moment problem. For a more general theory of this fact see [22] . The moment problem has no solution in general, but we can find an unique element in H which minimizes the function
The answer is called the best approximation solution. The next theorem shows that the best approximation solution to the moment problem can be approximated by using finite-dimensional methods.
Theorem 3.1. Let F : Ω → H be a continuous frame and ϕ
Proof. It is not difficult to see that if f is a solution of (3.8), then
Observe that the above weak integral defines an element of H. Indeed, for every
It is sufficient to show that
To see this, choose g ∈ H then
The last inequality follows from (2.6).
The Fourier transform of a function f ∈ L 1 (R) is defined by
As usual the Fourier transform is extended to an isometry from L 2 (R) onto L 2 (R), see [15] . Moreover, for all a ∈ (0, +∞) and b ∈ R the unitary operators of translation T a , and dilation D a for functions f ∈ L 2 (R) are defined by:
Example 3.1. Let Ω = (0, +∞) × R be the affine group, with group law
is said to be admissible if ∥ψ∥ 2 = 1 and
For such admissible vector ψ, the mapping
is a multiple of an isometry, the so-called continuous wavelet transform associated to ψ. Moreover,
see [3] . That is, {T b D a ψ} a>0,b∈R is a tight continuous frame with respect to (Ω, dadb a 2 ) with the frame operator
It is obvious to see that the measure of Ω n is 2n 2 − 2 and [15] . Now, it is natural to ask for n ∈ N how to find m ≥ n such that condition (2.5) in Lemma 2.1 is satisfied?
The last equality follows from the substitutions b → (b + t)s and a → as. So the desired result follows the fact that
As m → +∞ the right side of (3.10) converges to C ψ by (3.9) . Combining this with dimH n < ∞ shows that there exists sufficiently large m ≥ n such that
As a matter of fact, (2.5) is satisfied.
The next example involves the unitary operator E a , a ∈ R on L 2 (R) defined by E a f (t) = e 2πiat f (t). 
is called a continuous Weyl-Heisenberg frame. For an excellent survey about discrete Weyl-Heisenberg frames we refer to [10] . For each g ∈ L 2 (R) the orthogonality relation (Theorem 8.2.1 of [3] ) gives that ∫ 
Observe that by choosing m ∈ N sufficiently large (3.11) is satisfied since by the frame condition ∫
is finite.
